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a b s t r a c t
We show that a Buchsteiner quasigroup is necessarily a loop but
that there exist proper conjugacy-closed quasigroups. This com-
pletes the investigation of quasigroupswhich satisfy identities cor-
responding to ones for loops obtainable by nuclear amalgamation.
Also, we determine in terms of autotopisms the consequence for a
quasigroup of Bol–Moufang type of having an inverse property.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In a recent paper [2], Drápal and Jedlička have listed all those types of loopwhose defining laws can
be obtained by what they call ‘‘amalgamation of nuclei’’. [That is, the autotopisms whose existence is
equivalent to the relevant defining law can be obtained by composing two out of the three kinds of
autotopism which imply the presence of an element in the left, middle or right nucleus respectively.]
These are the left and right Bol loops and the left, right and middle Moufang and Extra loops, which
are all of ‘‘Bol–Moufang type’’ (as defined by Fenyves [3]), and also the left and right conjugacy-closed
loops and the Buchsteiner loops. In an earlier paper, Kunen [5] determined which quasigroups that
satisfy laws of Bol–Moufang type are necessarily loops. (This work was later amplified and extended
to a classification in terms of varieties by Phillips and Vojtěchovský [6]). That leaves open the question
as to whether proper quasigroups which satisfy the Buchsteiner law or the left (or right) conjugacy
law for loops exist.
In the present paper, we show that a quasigroup which satisfies the Buchsteiner law is necessarily
a loop but that proper quasigroups of all prime power orders exist which satisfy the left conjugacy-
closed condition [(xy)/x]z = x · y(x \ z) (or the right conjugacy-closed condition) for loops. However,
this condition does not ensure that the set of left multiplication mappings for a quasigroup is closed
under conjugacy unless the quasigroup has a universal right identity. Nevertheless, there are proper
quasigroups of all prime power orders which are both left and right conjugacy-closed.
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Finally, we consider the consequence for a quasigroup of Bol–Moufang type of having an inverse
property in terms of the existence of additional autotopisms.
2. Buchsteiner and conjugacy-closed quasigroups
Theorem 2.1. Every quasigroup (Q , ·) which satisfies the Buchsteiner law (x \ (xy · z)) = (y · zx)/x has
a two-sided identity and so is a loop.
Proof. Put y = fzx in the Buchsteiner law (xy · z)L−1x = (y · zx)R−1x , where (in Belousov’s notation) fu
and eu respectively denote the left and right local identities for the element u. We get (xfzx · z)L−1x =
(fzx · zx)R−1x = (zx)R−1x = z by definition of fzx. That is, xfzx · z = zLx = xz. Cancelling on the right by
z, we get xfzx = x. Therefore, fzx = ex and this is true for all elements z, x ∈ Q . If we choose a fixed
element x1 ∈ Q , there exists an element z1 ∈ Q such that z1x1 = v for any v ∈ Q . Thus, fv = ex1
for every choice of v. That is, all local left identities coincide in an element f say which is equal to ex1 .
Since x1 is arbitrary, f is equal to the right local identity ex1 of every element x1. Thus, (Q , ·) has a
universal two-sided identity and is a loop. 
[An alternative argument for the last part of the proof is obtained if we put z = exy in the
Buchsteiner law and hence obtain exy = fx for all elements x, y ∈ Q .]
Theorem 2.2. There exist proper quasigroups of all prime power orders which satisfy the left conjugacy-
closed law (LCC law) for loops: namely, [(xy)/x] · z = x · y(x \ z).
Proof. We may write the LCC Law in the form (xy)R−1x · z = x(y · zL−1x ) or (xy)R−1x · (xw) = x · yw,
wherew = zL−1x . Consider the quasigroup (Q , ∗) defined by u∗v = au+bv, where arithmetic on the
right hand side takes place in the Galois field GF(ph) and a, b are in the prime field Zp. This is a proper
quasigroup, not a loop, except when a = b = 1.
Since uRv = u∗v = au+bv = w say, we havewR−1v = u = (w−bv)/a. In the quasigroup (Q , ∗),
(x ∗ y)R−1x ∗ (x ∗ w) = (ax+ by)R−1x ∗ (x ∗ w)
= ([(ax+ by)− bx]/a) ∗ (ax+ bw) = [(ax+ by)− bx] + b(ax+ bw)
= (a− b+ ba)x+ by+ b2w.
Also, x ∗ (y ∗ w) = x ∗ (ay+ bw) = ax+ b(ay+ bw) = ax+ bay+ b2w.
Therefore, (x ∗ y)R−1x ∗ (x ∗w) = x ∗ (y ∗w) if (and only if) a = 1. So the quasigroup (Q , ∗) given
by u ∗ v = u+ bv satisfies the LCC law for loops. 
Notice that 0 is a universal right identity for this quasigroup (see below).
Dually, the proper quasigroup given by u ∗ v = au+ v satisfies the RCC law for loops.
Example. The reader may check that the proper quasigroup (Q , ∗) given by u ∗ v = u+ 2v(≡ u− v)
with arithmetic in GF(32) satisfies the LCC law for loops.
Lemma 2.3. The set of left multiplication mappings of the quasigroup (Q , ·) is closed under conjugacy if
and only if ([x(yex)]/x) · z = x · y(x \ z) for all x, y, z ∈ Q .
Corollary. If the quasigroup (Q , ·) has a universal right identity, then the condition for it to be left-
conjugacy-closed is the same as that for a loop.
Proof. Necessity. Suppose that L−1x LyLx = Lw for some w ∈ Q . Then wx = xLw = xL−1x LyLx =
(xex)L−1x LyLx = exLyLx = x(yex) so w = [x(yex)]/x. We require that zL−1x LyLx = zL[x(yex)]/x for all
x, y, z ∈ Q . That is, x · y(x \ z) = ([x(yex)]/x) · z for all x, y, z ∈ Q .
Sufficiency. Suppose that the condition x · y(x \ z) = ([x(yex)]/x) · z holds for all x, y, z ∈ Q . Then,
for all u ∈ Q , uL−1x LyLx = x · y(x \ u) = ([x(yex)]/x) · u = uL[x(yex)]/x and so L−1x LyLx = L[x(yex)]/x for all
x, y ∈ Q . 
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Theorem 2.4. In every quasigroup (Q , ∗) defined as for Theorem 2.2, the set of left multiplication
mappings is closed under conjugacy and, dually, the set of right multiplication mappings is closed under
conjugacy.
First proof.We show that [x ∗ (y ∗ ex)]R−1x ∗ (x ∗w) = x ∗ (y ∗w) for all x, y, w ∈ (Q , ∗), which (with
z = x ∗ w) is equivalent to the condition of Lemma 2.3.
Since eu = [(1− a)u]/b andwR−1v = (w − bv)/a in (Q , ∗), we have
[x ∗ (y ∗ ex)]R−1x ∗ (x ∗ w) = [x ∗ (ay+ [1− a]x)]R−1x ∗ (ax+ bw)
= [ax+ b([1− a]x+ ay)]R−1x ∗ (ax+ bw)
= (1/a)([ax+ b([1− a]x+ ay)] − bx) ∗ (ax+ bw)
= ([ax+ b([1− a]x+ ay)] − bx)+ b(ax+ bw) = ax+ b(1− a)x+ bay− bx+ bax+ b2w
= ax+ bay+ b2w.
Also, x ∗ (y ∗ w) = ax+ bay+ b2w as in Theorem 2.2. The result follows. 
Second proof. Letw, u, v be arbitrary elements of (Q , ∗).
SincewL−1u = (w − au)/b, we have
wL−1u LvLu = [(w−au)/b]LvLu = (v∗[(w−au)/b])Lu = u∗[av+(w−au)] = au+b(av+w−au) =
a(u− bu+ bv)+ bw = (u− bu+ bv) ∗ w = wL(u−bu+bv) and so L−1u LvLu = L(u−bu+bv). 
It is easy to check that, dually, R−1v RuRv = R(au+v−av).
3. Autotopisms in quasigroups of Bol–Moufang type
Each quasigroup (Q , ·) of Bol–Moufang type has certain autotopisms (U, V ,W ) such that xU ·
yV = (xy)W . For example, a proper quasigroup which satisfies the identity [(xx)y]z = (xx)(yz) has
autotopisms of the form (Lxx, Id, Lxx). A right Bol loop has autotopisms of the form (R−1w , LwRw, Rw).
[Then the equality (R−1w , LwRw, Rw) = (Rw, L−1w , Id)−1(Id, Rw, Rw) shows that a right Bol loop is
obtainable by nuclear amalgamation.]
We show that, if (Q , ·) has an inverse property, then this implies the existence of further
autotopisms.
We start with a particular case and then generalize our results.
Theorem 3.1. If (U, V ,W ) is an autotopism of a right-inverse-property quasigroup (Q , ·), so is
(W , JV J,U), where J is the permutation y → yJ of the elements of Q such that (xy) · yJ = x for all
x, y ∈ Q .
Proof. Wehave (xy)·yJ = x. Put x = aU and y = bV . Then xy = aU ·bV = (ab)W so (ab)W ·bVJ = aU .
Let d = bJ−1 and let a = cd for some c ∈ Q . Then [(cd)·dJ]W ·dJV J = (cd)U . That is cW ·dJV J = (cd)U
and so (W , JV J,U) is an autotopism. 
Remark. The equivalent theorem for inverse-property loops was first obtained by Bruck ([1], Chapter
VII, Lemma 2.1).
Example. We use the well-known fact that, for J defined as above, J2 = Id. [To see this, let w be an
arbitrary given element of (Q , ·). For each given element y, there exists an element x such that xy = w.
Thus, (xy)yJ = x⇒ w · yJ = x⇒ (w · yJ)y = xy = w for allw, y ∈ Q . That is, y = (yJ)J .]
There exist proper quasigroups (not loops) which satisfy the identity [(xx)y]z = x[x(yz)]. Such a
quasigroup has autotopisms of the form (Lxx, Id, LxLx). If it has the right inverse property, it also has
autotopisms of the form (LxLx, J · Id · J, Lxx) or (LxLx, Id, Lxx) since J2 = Id. Thus, such a quasigroup
also satisfies the identity [x(xy)]z = (xx)(yz) and consequently must then be a loop. (See Kunen [5],
Theorem 3.1.)
A.D. Keedwell / European Journal of Combinatorics 30 (2009) 1382–1385 1385
In [4], we showed that all known quasigroup inverse properties are of one of three types called λ-
inverse, ρ-inverse and (α, β, γ )-inverse. For example, the right inverse property is of ρ-inverse type.
[A quasigroup has an inverse property of ρ-inverse type if it has permutation mappings ρ1, ρ2, ρ3
such that (xy)ρ1 · yρ2 = xρ3.]
We can generalize Theorem 3.1 to cover each of these types as follows:
Theorem 3.2. If (U, V ,W ) is an autotopism of a quasigroup (Q , ·) with a ρ-inverse property, so is
(ρ3Wρ1, ρ2Vρ2, ρ1Uρ3).
Proof. We have (xy)ρ1 · yρ2 = xρ3. Also, aU · bV = (ab)W for all a, b ∈ Q . Put x = aU and y = bV
in the inverse relation. We get (aU · bV )ρ1 · (bV )ρ2 = (aU)ρ3. That is, (ab)Wρ1 · bVρ2 = (aU)ρ3. Let
d = bρ−12 and define c by cd = aρ−11 . Then [(cd)ρ1 · dρ2]Wρ1 · dρ2Vρ2 = [(cd)ρ1U]ρ3 or, using the
ρ-inverse relation, cρ3Wρ1 · dρ2Vρ2 = (cd)ρ1Uρ3 from which the result follows. 
Theorem 3.3. If (U, V ,W ) is an autotopism of a quasigroup (Q , ·) with a λ-inverse property, so is
(λ1Uλ1, λ3Wλ2, λ2Vλ3).
Proof. We have xλ1 · (xy)λ2 = yλ3. Also, aU · bV = (ab)W for all a, b ∈ Q . Put x = aU and y = bV
in the inverse relation as before. We get (aU)λ1 · (aU · bV )λ2 = (bV )λ3. That is, (aU)λ1 · (ab)Wλ2 =
(bV )λ3. Let c = aλ−11 and define d by cd = bλ−12 .Then cλ1Uλ1 · [cλ1 · (cd)λ2]Wλ2 = (cd)λ2Vλ3 or,
using the λ-inverse relation, cλ1Uλ1 · dλ3Wλ2 = (cd)λ2Vλ3 from which the result follows. 
Theorem 3.4. If (U, V ,W ) is an autotopism of a quasigroup (Q , ·) with an (α, β, γ )-inverse property,
so are (βVβ−1, γWγ−1, αUα−1) and (α−1Wα, β−1Uβ, γ−1Vγ ).
Proof. We have (xy)α · xβ = yγ for all x, y ∈ Q . Also, aU · bV = (ab)W for all a, b ∈ Q . The inverse
relation can be written yLxαRz = yγ , where z = xβ . Equivalently, tγ−1LxαRz = t , where t = yγ .
So, (γ−1Lx)(αRz) = Id. It follows that (αRz)(γ−1Lx) = Id and so s(αRz)(γ−1Lx) = s for any s ∈ Q or
yRzγ−1Lx = yα−1, where y = sα. That is, x · (yz)γ−1 = yα−1 or zβ−1 · (yz)γ−1 = yα−1.
Now put y = aU and z = bV in the latter inverse relation. We get bVβ−1 · (ab)Wγ−1 = aUα−1.
Let c = bβ−1 and define d by cd = aα−1. Then cβVβ−1 · [(cd)α ·cβ]Wγ−1 = (cd)αUα−1 or, using the
first inverse relation, cβVβ−1 · dγWγ−1 = (cd)αUα−1 which shows that (βVβ−1, γWγ−1, αUα−1)
is an autotopism.
Next, put x = aU and y = bV in the first inverse relation.We get (ab)Wα ·aUβ = bVγ . Let d = aβ
and define c by cd = bγ . Then, [dβ−1 · (cd)γ−1]Wα · dβ−1Uβ = (cd)γ−1Vγ or, using the second
inverse relation, cα−1Wα ·dβ−1Uβ = (cd)γ−1Vγ which shows that (α−1Wα, β−1Uβ, γ−1Vγ ) is an
autotopism. 
Remark. Since (Id, Id, Id) is an autotopism of every quasigroup, (ρ3ρ1, ρ2ρ2, ρ1ρ3) is an autotopism
of a ρ-inverse quasigroup and (λ1λ1, λ3λ2, λ2λ3) is an autotopism of a λ-inverse quasigroup. Thiswas
proved in [4] by a different method.
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